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Abstract We consider the quantum critical properties of
a disordered two dimensional Bose gas based on the renor-
malization group approach. To account for disorder, we con-
sider that the Bose gas interacts with an external random
field. The system’s behavior in the critical region of the
quantum phase transition is obtained in the universality class
z = 2 and includes contributions beyond the Gaussian ap-
proximation by considering interactions between bosonic
degrees of freedom. The evaluation of the system’s conduc-
tivity close to the transition point proves the occurrence of
a nonzero conductivity (metallic-like) state in the system in
the ω = 0 and T → 0 K limit.
1 Introduction
Recently, Phillips and Dalidovich [1] introduced the idea
of a Bose metal in connection with the unusual physical
properties observed in two-dimensional (2D) systems in the
proximity of the insulator–superconductor quantum phase
transition. Experimental data for such systems suggested the
presence of a metallic-like state in the T → 0 K limit char-
acterized by a nonzero dc conductivity [2–4]. The presence
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of the metallic state is inconsistent with the electronic de-
scription used to analyze the occurrence of the insulating
phase in 2D systems and apparently its origin is related to
bosonic degrees of freedom [1, 5]. One possible way to de-
scribe this phenomena was proposed by Das and Doniach
[5] who considered the metallic phase to be a uniform phase
lacking both phase and charge order. This phase presents
translational and rotational invariance and has to appear at
finite temperature, as at T = 0 K there is no phase transition
which is lacking both charge and phase order [6]. The occur-
rence of a metallic phase in a disorder 2D bosonic system
has been predicted in the insulator–superconductor transi-
tion by Wagenblastl et al. [7], but only at the separatrix line.
In this paper we present a model for the 2D disordered
Bose system which can be treated with the Renormaliza-
tion Group (RG) method. The results we obtained are sim-
ilar to the one of Dalidovich and Phillips [8] but have the
advantage that contributions beyond the Gaussian approxi-
mation can be analyzed. The model was previously used to
describe the spin glass state, disorder being introduced by
a random field which can be connected to the effective order
parameter of the spin glass state [10, 11]. The quantum ver-
sion of the model was analyzed by Busiello et al. [12, 13] to
study the critical behavior of the interacting disordered Bose
system. Our analysis focuses on a 2D disordered Bose sys-
tem with a dynamical critical exponent z = 2, situation in
which we can solve exactly the RG equations. This allows
us to study the influence of the Edwards–Anderson parame-
ter associated with the spin glass state q and the fluctuations
interaction u0 near the fixed point T = 0 on the system’s
physical properties. Accordingly, our results will be relevant
beyond the Gaussian approximation used previously. Our
main focus is on the estimation of the dc conductivity for
a disordered 2D Bose system. Transport theory in the criti-
cal region is not trivial as the limits σ(T = 0,ω → 0) and
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σ(ω = 0, T → 0) are not equal [14–16]. The relevant quan-
tity for the dc conductivity in the vicinity of the critical point
is σ(ω = 0, T → 0). We will calculate the conductivity in
the critical region following the same method we apply re-
cently for the study of the conductivity in d-wave supercon-
ductors near the critical disorder [17]. Our results for the dc
conductivity will contain corrections to the Gaussian behav-
ior which will depend both on the Edwards–Anderson spin
glass parameter q and bosonic fluctuations interaction u0.
2 Renormalization Group Method
To analyze the possibility of a metallic state in a Bose gas
Dalidovich and Phillips [8] considered a model based on
the quantum version of the spin glass state which can be
described using the replica trick method. Their main result
is that the glass phase which may interrupt the superfluid–
insulator phase transition is a metallic phase with a well-
defined dc conductivity in the T → 0 limit. The model has as
a starting point an array of supercoducting islands described
by a random Josephsson Hamiltonian, which was mapped
in a disordered XY spin model. The Landau action for this
problem can be obtained using the replica trick method to
perform the average on the disordered state. The quadratic
and quartic terms describe in the spin glass theory the inter-
action between spins that appears by the average procedure
on the disordered state, and can be decoupled by introducing
the auxiliary fields Qabμν(k,k′, τ, τ ′) = 〈Saμ(k, τ )Sbν (k′, τ ′)〉
and Φaμ(k, τ ) = 〈Saμ(k, τ )〉, where the superscriptions a and
b represent the replica indices. A finite value of Φaμ is equiv-
alent with the charge phase ordering in the condensate, and
〈Φaμ〉 = 0 describe the disordered phase. For the quantum
spin glass the diagonal elements of Q(k,k′, τ, τ ′), in the
limit |τ − τ ′| → ∞ are the effective Edwards–Anderson
spin-glass order parameter [8, 9]. The quantum decay of
Qaaμμ(τ) is like τ−2 and this gives rise to excitations which
scales as |ω|. The behavior of this parameter leads to the
change of the critical dynamic exponent from z = 1 to z = 2
and the onset of overdamped dynamics. The free energy
given in Ref. [8] contain a Gaussian and a quartic term as in
the standard Φ4-theory, and the contribution which couples
the charge and the glass degrees of freedom. The model was
treated by the authors in the Gaussian approximation and
the conductivity σ(ω = 0, T → 0) has been obtained to be
finite, proving the possibility of the metallic state. However,
it may be important to include terms beyond the Gaussian
approximation as they can account for changes in the phys-
ical properties of the system.
In this section we will introduce our model for the 2D
disordered Bose system and consider the quantum critical
properties of the system by solving the RG equations. The
model is equivalent to the one proposed by Dalidovich and
Phillips for the description of the metallic glass phase in
the insulator–superconductor transition [8]. In our case, the
value of the dynamical critical exponent is z = 2 as it re-
sults from the renormalization procedure. Also, our analysis
is carried beyond the Gaussian approximation as we consid-
ered for the characterization of the critical region the appro-
priate interactions between bosonic degrees of freedom.
Following Busiello et al. [12, 13] a d-dimensional Bose
gas in the presence of disorder can be described by a Hamil-
tonian which includes coupling of the bosonic degrees of












h(x)Φ†(x) + h(x)Φ(x)], (1)
where Φ(x) represents the bosonic fields, r0 the control
parameter (for the standard case it is the chemical poten-
tial), and u0 > 0 is the bare coupling constant describ-
ing the interaction between the bosonic degrees of freedom
(2 = 2m = 1). The random field h(x) is a Gaussian random
variable with a Fourier transform h(k) which satisfies:
〈
h(k)




where 〈· · ·〉 denotes an average over the possible configu-
rations of the random field and serves to introduce an ef-
fective Edwards–Anderson spin glass parameter, q [9]. The
system’s action can be written as
S[Φ] = S(0)[Φ] + S(int)[Φ], (3)
























Φa(k1) · · ·Φa(k4)
×δ(k1 + · · · + k4). (5)







ddk/(2π)d , and m is the
replica index from the standard spin-glass theory [9]. The
Gaussian propagator of the system can be calculated in the
limit m → 0 as [1, 12]:
Ga,b(k) = G0(k)δa,b + βG20(k)qδωn,0, (6)
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where β = 1/T and G0(k,ωn) = (r0 + k2 − iωn)−1 . Sim-
ilar to Ref. [8], we also considered the replica symmetric
case, but we do not have a term which couples the bosonic
field Φ and the order parameter q . The model we consider is
a simpler approximation as we use the free propagator with
no Ohmic dissipative term, meaning that any time depen-
dence of the effective parameter q can be neglected. In this
case, the effective parameter q is considered to be only posi-
tion dependent. The advantage is that we can treat the phase
transition using the RG theory beyond the Gaussian approx-
imation and prove the relevance of the effective parameter
q and of the interaction between the bosonic fluctuations on
the system’s properties.
The temperature-dependent RG flow equations were
thereafter obtained following the standard procedure, Φ =
el(d+z+2)Φ ′, k = k′e−l , and ω = ω′e−lz, leading to
dT (l)
dl
= zT (l) , (7)
dq(l)
dl
= (2 + z)q(l) , (8)
dr(l)
dl




= [4 − (d + z)]u(l) − u2(l)
4
[
8F3(l, T ) + 2F4(l, T )
]
+ 5u2(l)qF5(l). (10)
In the above equations, z = 2 and d = 2. The functions
Fi(l) (i = 2, . . . ,5) can be calculated [12], however, only
the function F1(T (l) = K2[exp(1/T (l)) − 1]−1 with K2 =
1/(2π) is important because contains the relevant tempera-
ture parameter T (l). The first two flow equations, i.e., (7–8),
can be solved easily with T (l) = T e2l and q(l) = qe4l
as solutions. To solve the other two flow equations, i.e.,
(9–10), we consider the low temperature limit and approx-





l + l0 + 5q(e4l − 1) , (11)
where l0 = 4/(K2u0). The last flow equation to solve is the
one for the control parameter, i.e., (9). Its general solution
can be obtained if we consider F2 	 K2 and search for a so-
lution r(l) = r0 exp (2l)h(l) as:
r(l) = e2l
[















exp[1/T (l′) − 1] . (13)
If one considers the low temperature limit I1(T ) 	 0, and for
small values of the Edwards–Anderson spin-glass parameter











The integral on the left-hand side of (14) can be calculated
exactly in terms of the exponential-integral special function
Ei(x) which thereafter can be approximated by its value in
the large x limit. Finally, the general solution for the last











The renormalization procedure will be stopped at l∗ given
by the condition r(l) = 1. This procedure gives the pos-
sibility to study the temperature influence on the system’s
properties in the critical region of the z = 2 insulator–
superconductor phase transition. In our case, the Gaussian
fixed point T = 0 is stable and we will expect to be able to
evaluate also the role played by the interaction between fluc-
tuations on the system’s behavior. Technically, the equation
we have to solve is very complicated, so an approximation
is required for an estimation of l∗. We choose to solve the
equation using consecutive iterations with the final solution
e4l
 	 (1 + u0q)2. (16)
The system’s physical properties in the critical region can
be estimated if we consider all the solutions of the RG
equations in the l → l∗ limit. For example, the Edwards–
Anderson spin-glass parameter will be q(l)∗ = q(1 + u0q),
a value which considers the role played by interaction be-
tween the bosonic variable in the critical region.
3 DC Conductivity
In this section, we will evaluate the dc conductivity of the
system in the low temperature limit. We will start from the
Kubo formula, and thereafter consider the limit ω = 0 and
T → 0. To evaluate the system’s transport properties in the
critical region one has to use the scaling of the conduc-
tivity, which in the case of a two dimensional system take
the simple form σ(r, T ,u, q) = σ(r(l∗), T (l∗), u(l∗), q(l∗))
[18]. The formalism we use is not different from the one in
Ref. [8] as it relies on the same generalized Kubo formula
used to calculate the transport properties in the replica-trick
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method. The advantage of our analysis is that we can con-
sider the influence of the bosonic fluctuations interaction.
The Edwards–Anderson spin-glass parameter is strongly de-
pendent on the renormalization parameter, l, and in the crit-
ical region we can fix its value at q(l∗), a procedure which
will allow us to study the competition between disorder
and fluctuations interaction in the occurrence of the metal-
lic phase. On the other hand, the existence of the dissipa-
tion term in the noninteracting action is essential for the oc-
currence of the metallic state as it was first pointed out in
Ref. [7]. However, if our model appear to be more treatable
analytically by the RG method, the main approximation of
the model remain the dissipative form of the free propaga-
tor G0(k,ωn). Such a form of the free propagator can be
easily obtained if we adopt a model similar with the one in
Ref. [17], where the free propagator contains the scattering
effects on the nonmagnetic impurities, or the coupling to an
Ohmic heat bath [18]. This approximation is well justified
by the results, and a RG-treatment containing a more com-
plicated form of the action is difficult to be controlled. The
higher order corrections mentioned in Ref. [8] lead to terms
proportional to u0q2 which appear also in our calculations,
but we cannot consider these corrections as having the same
origin. In fact, the vertex corrections presented later by the
authors in Ref. [8] leads to the same qualitative behavior
for the T = 0 case, the difference being the power of r0 in
the denominator, a result similar with the one presented in
Ref. [17] for the case of a layered quasi-two dimensional
superconductor.
To calculate the transport properties of the system we


























×[G0(k,0) − G0(k,ωn)]. (18)
The dc conductivity can be evaluated relatively easy using
the dissipative form of the free propagator G0(k,ωn) along
with the renormalized value for the Edwards–Anderson
spin-glass parameter, q(l∗), as:






In the Gaussian approximation, i.e., for negligible fluctua-
tions interaction (u0 → 0), our result reconfirm the result
obtained by Dalidovich and Phillips [8]. A nonzero conduc-
tivity in the ω = 0, T → 0 limit proves the existence of
a metallic-like state in the insulator–superconductor phase
transition. Such a metallic state is robust respect to the
bosonic interactions in the system.
4 Discussions
In conclusion, we presented a calculation of the transport
properties for a disordered bosonic system, namely, we eval-
uated the dc conductivity in the T → 0 limit. Our sim-
ple model, which accounts for the static disorder in an
interacting Bose gas, proved the existence of a metallic-
like state (σ(ω = 0, T → 0) = 0) close to the T = 0
insulator-superconducting phase transition. This state is in
fact a bosonic metallic glass, predicted first by Dalidovich
and Phillips [8]. The model we proposed considers effects
beyond the Gaussian approximation, accounting for the in-
teractions between bosonic fluctuations. The final conduc-
tivity expression given by (19) shows that the dissipation
itself cannot induce a new state in the system, but disorder
can drive the two dimensional interacting Bose system in
a new state. The role played by the bosonic fluctuations in-
teraction is reflected in a correction term to the system’s dc
conductivity of the order of (1 +u0q)2, where u0 is the bare
interaction between bosons and q the spin-glass Edwards–
Anderson parameter. The analysis of the model was also
performed by Busiello et al. [12, 13] using a 6 −  expan-
sion to discuss the system’s properties in the critical region,
with the conclusion that the resulting state is a simple spin
glass. No analysis of the transport properties was performed
in Refs. [12, 13].
We expect that the intermediate metallic state predicted
for disordered 2D Bose gases to appear in d-wave supercon-
ductors containing nonmagnetic impurities. In such systems,
disordered is responsible for an insulator–superconducting
phase transition. The theoretical analysis of the dc con-
ductivity near the critical concentration which destroys
the d-waves superconducting state contains also the influ-
ence of the temperature on the metallic conductivity [17].
However, from the experimental point of view, the exis-
tence of a metallic glass phase in the critical region of the
insulator–superconducting phase transition still needs to be
confirmed [19].
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